We investigate a critical Ising-like model in the curved geometry S 2 3 ‫ޒ‬ 1 obtained by a conformal mapping of the infinite 3D space ‫ޒ‬ 3 . The incompatibility of regular lattices with this geometry is avoided by use of the anisotropic limit of the lattice Ising model, which renders one of the space coordinates continuous. We determine magnetic and energylike correlation lengths of this model by means of a cluster Monte Carlo algorithm. From these data, and the assumption of conformal invariance, we obtain the magnetic and temperature scaling dimensions as X h 0.5178͑12͒ and X t 1.423͑19͒, respectively. These numbers are in a good agreement with the existing results for the 3D Ising universality class.
There exists a well-known relation between scaling dimensions of critical systems in two dimensions, and correlation lengths in a cylindrical geometry [1 -5] . An adequate explanation was given by Cardy [6, 7] on the basis of the assumption of conformal invariance, and a mapping of the two-dimensional space ‫ޒ‬ 2 on a cylinder S 1 3 ‫ޒ‬ 1 . This relation is very useful because it provides a simple and powerful tool to determine scaling dimensions, and thus critical exponents, in two-dimensional models. For a model with scaling dimension X, the relation is [7] j R R͞X ,
where j R is the correlation length of a cylinder with radius R. A similar relation exists in three dimensions [8] . In spherical coordinates, the line element in a flat space is
Under the coordinate transformation ͑r, u, w͒ ͑e u͞R , u, w͒ .
where 2`, u ,`, the line element transforms as
which can be recognized in terms of a scalar, positiondependent prefactor multiplying the natural metric,
of the curved space S 2 3 ‫ޒ‬ 1 , i.e., a geometry which extends the surface S 2 of a sphere with radius R into another dimension ‫ޒ‬ 1 . We shall refer to it as a "spherocylinder." The transformation (3) is thus conformal in combination with the metric (5) . It relates models defined on ‫ޒ‬ 3 and on S 2 3 ‫ޒ‬ 1 as shown by Cardy [8] . Under the transformation (3), correlations of a scaling operator s in a conformally invariant model behave covariantly as
or, since ͗s͑r 1 , u, w͒s͑r 2 , u, w͒͘~jr 1 2 r 2 j 22X ,
For ju 1 2 u 2 j ¿ 0, Eq. (7) decays exponentially,
so that relationship (1) follows again. In three dimensions, Eq. (8) was verified analytically for the special case of the spherical model [8] . A serious obstacle for numerical tests is that the curved space of Eq. (5) does not readily accommodate a sequence of regular lattices. Janke and Weigel [9] replaced the S 2 sphere by the surface of a cube. Their results for Ising models with finite size R satisfy Eq. (1) up to some proportionality constant. Remarkably, numerical investigations of systems in a flat, periodic S 1 3 S 1 3 ‫ޒ‬ 1 geometry with antiperiodic boundary conditions lead to similar results [10] . An explanation has not been given.
In this paper, we tackle the problem of simulations in a S 2 3 ‫ޒ‬ 1 geometry using the Hamiltonian limit of the lattice Ising model, which renders one of the coordinates continuous. We start from the Ising Hamiltonian in the 3D, flat space ‫ޒ‬
and take the anisotropic limit e ! 0 in
A Wolff-like cluster Monte Carlo method [11] is available for the system in this limit, which is equivalent with the d 2 quantum transverse Ising model. Since the correlation length, which determines the physical length scale, diverges as 1͞e in the z direction, we choose the system size proportional to 1͞e in that direction. Although the number of spins is thus divergent, it could be arranged such that the computer time remains finite. Simulations of the 3D model, combined with a finite-size-scaling analysis, yielded the critical point as t 3.0444͑1͒ [11] . The precision achieved by this algorithm is good in comparison with other methods [12] [13] [14] .
The divergence of the physical length scale in the z direction for e ! 0 suggests the use of a new coordinatẽ z ϵ ez͞a in order to restore isotropy asymptotically. We have determined a by Monte Carlo simulations [15] as a 0.8881͑2͒ from the requirement that the critical correlation functions of systems with periodic boundaries and sizes ͑x, y,z͒ ͑L, L, L͒ approach isotropy. Since the strongcoupling directionz has become continuous, while x and y remain discrete, the 3D lattice reduces to an L 3 L system of lines. The weak couplings in the x and y directions connect to neighboring lines, and have a strength of a͞t per unit of length as measured byz.
Because of its continuity in thez direction, this model can be simulated in the curved S 2 3 S 1 geometry as follows. L evenly spaced circles on the S 2 sphere (see Fig. 1 ) serve as the loci of the spins, and define the strongcoupling directionz. Thus L pR: The circumference of the sphere is 2 times the finite-size parameter L; that of S 1 is nL. We take n large enough in order to approximate the S 2 3 ‫ޒ‬ 1 geometry. We parametrize S 1 by u x 1, 2, . . . , nL, and S 2 by u and w, with u p͑ y 2 At
of the period ofz. The definition of the weak couplings between two points ͓u, w, u 6 p͑ y 6 1 2 ͒͞L͔ still requires a length scale in thez direction. To reduce discretization errors, we use the average length scale of both circles, i.e., dz dwL͑sinu 1 
where m͑u, u, w͒ is the magnetization density at position w, u on the uth sphere, and V P u,u 2L sinu is the volume of the spherocylinder. We restrict r # nL͞2 because of the periodic boundary.
We also sampled the interaction energy between adjacent circles, and its correlations in the u direction. We define e nn as e nn 1 V
and the correlation function g e ͑r͒ as For finite L, the critical singularities are rounded off, even on an infinitely long spherocylinder, because of the quasi-one-dimensional nature of the system. According to finite-size scaling, the singular part of the free energy density f behaves as
where t is the temperaturelike scaling field, h is the magnetic field, y is the irrelevant field, and y t , y h , and y i are the corresponding exponents. The corrections to scaling due to y are important only for small L because y i , 0.
The approximation of the sphere by L strips induces similar finite-size corrections. In analogy with errors due to the trapezium rule, we expect an effect on the mean temperature field of order due to the irrelevant field, because y c ഠ 20.413 while y i ഠ 20.815 [15] [16] [17] [18] . The irrelevant field modifies the correlation length j L as [6] 
Our aim is to determine the scaling dimensions X via Eq. (1), i.e., from the exponential decay of g͑r, 1͞L͒. Expansion of Eq. (7) for large r ju 1 2 u 2 j leads to
where c j G͑2X 1 j͕͒͞G͑2X 2 1͒G͑ j 1 1͖͒.
Because of the periodicity of u, correlations build up over two distances r and nL 2 r. This effect, and corrections with an exponent y c , lead to
and
where Y 1 e 2pr͞L , Y 2 e 2p͑n2r͞L͒ , and y 1 4y t 2 2d 2 2 Ӎ 21.652͑4͒. The correction with amplitude y e2 is due to the inhomogeneity of the energy caused by the approximation of the sphere [15] .
The Monte Carlo data are well fitted by these formulas, according to the x 2 criterion. Examples are shown in Figs. 2 and 3. The upward trends on the right are due to the periodic boundary.
The exponent 22X h of L was fixed at 2y h 2 6 21.0370͑6͒ [15 -18] , and y c 20.413 as explained above.
The c mj are found by substituting 2X h 1.037͑10͒ in Eq. (16) . The fitted parameters are shown in Table I . The quality of the fits indicates that the length ratio n 4 already yields a reasonable approximation of infinitely long systems. The result X h 0.5195͑24͒ is already close to the expected value 3 2 y h 0.5185͑3͒ [15, 16] . An even better fit is obtained for systems whose long size is 8L. Then, the x 2 criterion allows a cutoff at even smaller system sizes L min and distances ͑r͞L͒ min , and the result X h 0.5178͑12͒ is again close to the expected value. Since the energy-energy correlation decays relatively fast, it is more difficult to determine X t . Thus much longer simulations were needed for this purpose (see Table II) . We obtain X t 1.423͑19͒ (see Table III ), which agrees well with the expected value X t 1.413͑1͒ [15, 16] . Although the parameter y e2 is quite small, it is necessary to obtain an acceptable residual x 2 . The rapid decay of the correlation functions did not allow the resolution of a correction with amplitude b e . Several modifications of the fit formula were tried, for instance, including corrections with an irrelevant exponent y i , but these did not lead to significant reductions of the residual x 2 . In conclusion, we have confirmed the covariant behavior of the magnetic and energylike correlation functions under a conformal transformation in three dimensions, and shown that it is possible to determine the critical scaling dimensions from the correlation lengths of finite systems in an appropriate geometry.
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